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Abstract
In fluorescent materials, energy from a certain band of incident wavelengths
is reflected or reradiated at larger wavelengths, i.e. with lower energy per
photon. While fluorescent materials are common in everyday life, they have
received little attention in computer graphics. Especially, no bidirectional
reflectance measurements of fluorescent materials have been available so far.
In this paper, we develop the concept of a bispectral BRDF, which extends
the well-known concept of the bidirectional reflectance distribution function
(BRDF) to account for energy transfer between wavelengths. Using a bidi-
rectional and bispectral measurement setup, we acquire reflectance data of
a variety of fluorescent materials, including vehicle paints, paper and fabric.
We show bispectral renderings of the measured data and compare them with
reduced versions of the bispectral BRDF, including the traditional RGB vec-
tor valued BRDF. Principal component analysis of the measured data reveals
that for some materials the fluorescent reradiation spectrum changes consid-
erably over the range of directions. We further show that bispectral BRDFs
can be efficiently acquired using an acquisition strategy based on principal
components.
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Fluorescent materials change the wavelength of light upon reflection. This
applies to many day-to-day materials, for instance human teeth, utility ve-
hicle paints, detergents (fabric whiteners), or even ordinary photocopying
paper. This shift of wavelength causes compelling visual effects if it occurs
within the visible spectrum or turns UV radiation into visible light. In partic-
ular, many fluorescent surfaces appear brighter than perfectly white surfaces
(Figure 1.2).
The physical foundations underlying this cross-wavelength energy transfer are
well understood. A fluorescent medium consists of atoms or molecules that
absorb incident photons at a given wavelength, and re-emit them after a short
time (in the order of 10−8 s). During this short time interval, the electrons of
the fluorescent molecule remain in an excited state above the ground energy
level. The re-emission of a photon occurs when the fluorophore relaxes to its
ground state. Due to mechanical interaction with the surrounding molecules,
some of the excitation energy is lost during this process, leading to a change
of wavelength, or Stokes shift. As required for conservation of energy, this
shift always occurs towards larger wavelengths, corresponding to a loss in
per-photon energy.
The wavelength-shifting behavior of a fluorescent material can be intuitively
described bispectrally using a so-called reradiation matrix, specifying for each
combination of incoming and outgoing wavelengths the amount of reradiated
light. At the same time, however, the reflectance of every real-world material
also depends on the directions of the incident and reflected light rays with
regard to the surface, as usually described by the bidirectional reflectance
distribution function (BRDF) [18]. In this paper, we extend this well-known
concept to the bispectral BRDF that can describe general fluorescent ma-




















Figure 1.1: Fluorescent materials partially reflect or reradiate light at higher wave-
length λo than the wavelength of the incoming light λi. Measured bispectral
BRDFs capture this behavior as the renderings for various materials using a spec-
tral environment map convey. In the bottom row we arrange slices of the bispectral
BRDF, showing one rendered sphere for each pair of incident and reradiated wave-
lengths (λo, λi) ∈ [400 nm; 720 nm]× [380 nm; 720 nm]. Fluorescence is represented
by the off-diagonal entries.
While there have been attempts to approximate fluorescent materials with
analytical models, to our knowledge the full bidirectional and bispectral re-
flectance of real materials has not been measured so far. By equipping a
traditional BRDF measurement setup with spectral filters for light source
and camera, we acquire bispectral BRDF datasets for a range of isotropic
fluorescent materials.
Given the measured data, we project them into a sparse spectral basis us-
ing principal component analysis (PCA). The analysis reveals a non-trivial
dependency of the fluorescent effect on the incident and reflection angle. Fur-
thermore, such a decomposition, if performed on a partially acquired dataset,
allows for efficient planning of the remaining acquisition task. Measuring
the bispectral dependency using a sparse basis of wavelength combinations
greatly reduces the measurement effort.
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Figure 1.2: Spheres covered in three different paint varieties for utility vehicles
(“pearl white” primer, fluorescent red/yellow/orange paint, clear coat). Note that




Much work has been done in the area of reflectance acquisition. Starting in
the early nineties, Ward [22] measured and modeled the BRDF of anisotropic
materials. The first larger database of BRDFs is the CUReT database [4]
with 61 different materials, albeit sampled sparsely. Matusik et al. [14] mea-
sure more than 100 different materials, using a similar setup to Marschner
et al. [13], from which they derive a generative BRDF model. The above
methods measure RGB reflectance distributions, but spectral measurement
techniques are available too [20]. However, to the best of our knowledge,
measurement of bispectral reflectance distributions has not been done. Only
limited bispectral slices of BRDFs (fixed view and light) are commonly mea-
sured [8], which is often referred to as fluorescent colorimetry [25].
The less general case of spectral reflectances with fixed view/light configura-
tion has been studied as well. For instance, spectral reflectance of skin has
been measured [1]. Similarly, spectral imaging of skin has been used to deter-
mine skin appearance parameters [5]. Hersch et al. [9] measured the spectral
response of fluorescent paints under UV illumination with fixed view/light
directions.
Substantial work has also been done on analytical BRDF models, see Ngan
et al. [17] for an overview of different models and how well they approxi-
mate BRDF measurements. Many of these BRDF models describe spectral
reflectance distributions, such as the Cook-Torrance BRDF [3], but do not
model bispectral distributions needed for fluorescence. In summary, none of
the above research deals with bispectral BRDFs, i.e., reflectance data that
depends on view and light direction as well as incident and outgoing wave-
length.
A recent paper by Wilkie et al. [24] performs a qualitative analysis of a
fluorescent material by visually examining the reflection of a green laser on an
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orange fluorescent cardboard. The authors conclude that while fluorescence
is mostly a diffuse effect, it may still depend on the view/light directions,
e.g., due to additional Fresnel effects. Based on these insights, the authors
hand-craft a fluorescent orange BRDF. Rather than deriving an analytic
model, our goal is to acquire bispectral as well as bidirectional reflectances,
which allows us to gain better understanding of fluorescent materials and to
analyze the dependency of fluorescence on view and light directions. allows
us to build a suitable BRDF model.
Glassner [7] was the first to adapt the rendering equation [12] to include
fluorescence (as well as phosphorescence). In essence, reradiation from every
incident wavelength to all possible outgoing wavelengths needs to be taken




3.1 Bispectral Rendering Equation
Light transport considering energy transfer from one wavelength to another,
in order to account for fluorescence, can be expressed by the bispectral ren-
dering equation:





L(ω i, λ i)fr(ω o, ω i, λ o, λ i)dλ i dω i, (3.1)
which in contrast to the normal rendering equation [12] requires an additional
integration over all incident wavelengths. Solving it is straightforward when
using spectral path tracing, e.g. [2], but of course other rendering techniques
can be adopted as well.
3.2 Bispectral BRDF
The rendering equation includes the bispectral BRDF fr(ω o, ω i, λ o, λ i) that
describes the angularly dependent reflection for any pair of wavelengths.
The definition of the bispectral BRDF is different from the original definition
of a spectral BRDF [18] which cannot represent fluorescent materials. Fur-
thermore, it is more general than the proposed use of reradiation matrices [7],
which assumes separability, i.e. that the relative fluorescent spectrum does
not change with direction.
Before we derive the general bispectral BRDF let us briefly recall the def-
inition of a spectral BRDF. The required spectral quantities are defined in






























Table 3.1: Definitions of spectral quantities; ω refers to directions and λ to wave-
lengths.
to their non-spectral counterparts. Following Nicodemus et al. [18], the differ-
ential reflected spectral radiance dL o(ω o, λ o) due to the incident differential
spectral irradiance dE(λ) from direction ω i is given as:
dL o(ω o, λ) = dE(λ)fr(ω o, ω i, λ)
[
W
sr ·m2 · nm
]
, (3.2)
with ω i and ω o being the incident and outgoing directions. The spectral
BRDF fr(ω o, ω i, λ) for a single wavelength is therefore defined as the ra-
tio of differential reflected spectral radiance to differential incident spectral
irradiance:
fr(ω o, ω i, λ) =
dL o(ω o, λ)
dE(λ)
=
dL o(ω o, λ)











, which is the same as for
non-wavelength dependent BRDFs fr(ω o, ω i), although the units for L and
E differ in the spectral vs. non-spectral case.
The unit of the bispectral BRDF however is different as we will show in the
following. We generalize Nicodemus’ derivation of the BRDF to account
for cross-wavelength energy transfer by the bispectral BRDF: Referring to
the bispectral rendering equation (Eq.3.1) the double differential spectral
radiance (differential with regard to the incident direction ω i and the incident
wavelength λ i) is due to incident double differential (non-spectral) irradiance
for ω i and λ i:
d2L o(ω o, λ o) = d
2E · fr(ω o, ω i, λ o, λ i)
[
W
sr ·m2 · nm
]
, (3.4)
and hence the bispectral BRDF may be defined as
fr(ω o, ω i, λ o, λ i) =
d2L o(ω o, λ o)







The bispectral BRDF is a general way to represent fluorescent materials as
it does not make any assumptions about the material.
In the discretized case, an individual sample of the bispectral BRDF for the
directions (ω i, ω o) expresses the energy transfer from the incoming spectrum
to the reflected spectrum as a matrix over λ o, λ i, see Figure 1.1. While the
diagonal entries refer to reflection at the same wavelength, the fluorescent
effect is represented by the off-diagonal part. As there is typically no transfer





In order to acquire isotropic bispectral BRDFs, we have built an image-based
measurement device. samples were isotropic, Our device follows the design
of Matusik et al. [14] for isotropic BRDFs but with the added capability to
emit and acquire at specific wavelength bands.
Figure 4.1: A depiction of our setup. A sample sphere (1) is mounted on a turn
table (2), to which a digital monochrome still camera (3) is attached. The camera
is equipped with a visible-spectrum tunable filter (4). The sphere is illuminated
by a light guide coupled xenon light source (5) with another tunable filter (6)
mounted in front; UV light is generated with UV LEDs that can be selected using
a motorized wheel (7).
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4.1 Setup
Our measurement setup is depicted in Figure 4.1. This fully automated
device consists of a light source and a camera, both of which can be tuned
spectrally to emit or measure a rather narrow spectral band around a single
selected wavelength. Using a turn table, the relative position of camera and
light source can be controlled.
The spectral filters used are LCD-based Lyot filters (CRi VariSpec VIS10
35mm) whose transmission bands are about 10 nm–20 nm wide and range
from 400 nm to 720 nm. As light source we employ a xenon arc lamp coupled
into a light fiber (XION medical Xenon R180), whose light has a rather flat
and stable spectrum but rather little blue and UV output, especially after
passing the spectral filter. We therefore add LEDs for better coverage of
this range (370 nm–420 nm in 10 nm steps). The camera is a monochrome,
digital still camera (Jenoptik ProgRes MFcool), with which we acquire high-
dynamic-range images using exposure series from 1ms to 16 s.
For all of the components, the spectral transmission or sensitivity curves have
been either obtained from the manufacturers or calibrated using a photospec-
trometer. The absolute scaling is determined by measuring a Spectralon tar-
get, which preserves the wavelength and has a well-defined reflectance (99%
quasi-Lambertian reflectivity across the spectrum), i.e. the rows of the cap-
tured Spectralon bispectral BRDF sample have to add up to 0.99 sr−1. We
obtain a specific spectral scaling factor s(λ o, λ i) for each wavelength pair.
Any captured camera value is scaled according to s(λ o, λ i) before generating
one entry in the matrix of a bispectral BRDF sample.
4.2 Measurement and data processing
The standard acquisition of a bispectral BRDF consists of capturing images
of the material sampled at different turn table rotations β for every pair of
wavelengths (λ o, λ i). For practical reasons we limited ourselves to steps of
20 nm in the range from 380 nm to 720 nm for λ i and 400 nm to 720 nm for λ o
amounting to 170 images per β as the upper triangle of the bispectral matrix
can be ignored. We vary β in the range of 5◦ to 170◦. For highly specular
materials a stepping of 1◦ is chosen to sufficiently sample the sharp highlight
while we take a coarser sampling of 20◦ for close to diffuse materials. The
acquisition is followed by geometric processing and resampling.
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Adaptive Measurement. In the case of a PCA-steered measurement (Sec-
tion 6), we first acquire full bispectral datasets for a small number of angles.
After performing the PCA decomposition, we acquire dense angular data
only for the sparse bispectral basis required for a good reconstruction.
Geometric processing. Depending on the material, we use two different
sample geometries: coated spheres for the paints and a custom-made piece-
wise cylindrical object (Figure 8.2) wrapped in stripes of paper or fabric.
Due to the varying normals of the shapes each surface point will be illumi-
nated and viewed from a slightly different direction. After a simple geometric
calibration of the setup and the sample we can determine (ω o, ω i) for every
pixel captured under a specific turn table rotation β.
For storage and further processing, we discretize the data for each wavelength
pair in 323 bins using the (θ o, θ i, φdiff) parameterization chosen in [14]. For
the strongly specular materials, 643 bins are used. Since the coarse sampling
of the turn table position does not necessarily populate all bins, the missing
data are filled using diffusion.
During rendering a specific reflectance sample fr(θ o, θ i, φdiff , λ o, λ i) is ob-
tained by multilinear interpolation from our bispectral BRDF representation.
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5 Data Analysis
Previous work assumes separability of directions and wavelengths into a
BRDF and a single reradiation matrix [7, 24]. In order to test separability,
we have factored our bispectral BRDFs using principal component analysis:
fr(ω o, ω i, λ o, λ i) ≈
∑
k
fk(ω o, ω i) · pk(λ o, λ i). (5.1)
The PCA is computed on the matrix formed by the BRDF samples where
the directions (ω o, ω i) and the bispectral dimension (λ o, λ i) are flattened into
the row and column indices, respectively. We obtain principle components
that represent the space of reradiation matrices.
For the analysis, we remove the diagonal and 2nd-diagonal (λ o ≈ λ i) from
all bispectral BRDF samples, which contain many highlight samples. This
prevents highlights from influencing the analysis, as we are only interested in
the separability of fluorescent effects and not of highlights. We have factored
all bispectral BRDFs that we measured and found that the number of terms
required to reconstruct the BRDF to a reasonable fidelity (capturing 98% of
the variance) varies considerably. The result for three interesting fluorescent
BRDFs is shown in Figure 5.1. Fluorescent red and fluorescent yellow require
four and three terms respectively to achieve this fidelity, whereas paper can
be approximated well even with a single term. Figure 5.1 shows Fluorescent
Red under blue illumination and it is obvious that one term is not sufficient,
whereas three terms are visually sufficient (capturing almost 98% of variance).
This confirms that there are directionally dependent fluorescent effects in
certain materials. Both fluorescent red and yellow are coated, which suggests














11    # Basis
(b) 1 Basis (c) 5 Bases
Figure 5.1: The graph (a) depicts how many PCA bases are required to reconstruct
a bispectral BRDF to a certain fidelity (i.e., to capture N% of variance). For most
materials more than one term is required to achieve reasonable quality, confirming
that fluorescent effects can be directionally dependent. At the bottom you can
see a rendering using one basis (b) and using five bases (c), confirming numerical
results (the sphere is split, the right side is original BRDF).
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6 PCA-based Acquisition
The insights of the previous section indicate that rather few principal com-
ponents suffice to faithfully represent all bispectral samples of a BRDF. We
now analyze how this insight can be used to minimize the acquisition effort.
Our approach is similar to Matusik et al. [15] who reduced the number of sam-
ples for BRDF measurement based on the PCA over the full set of BRDFs in
their database. As no bispectral BRDF database exists so far, we concentrate
on the PCA of each individual bispectral BRDF.
In contrast to the previous section we now compute the PCA on the full
bispectral matrix including the diagonal and 2nd-diagonal as we now focus
on the full bispectral BRDF rather than only on the fluorescence. For the
accelerated acquisition we first acquire full bispectral measurements for three
turn table angles β. As the exact selection of angles hardly influenced the
PCA we picked 0◦, 70◦ and 150◦. Each acquired measurement contains a
manifold of BRDF samples and the three angles together are likely to span
the full range of possible samples. We compute the SVD of the matrix F
representing all BRDF samples after subtracting the average of all samples
f¯ . Selecting the n eigenvectors with the largest eigenvalues the basis B is
assembled.
In order to project a yet to be measured sample uniquely into the basis we
have to acquire at least n wavelength pairs (λ o, λ i)k as we cannot illuminate
with the basis vectors directly. The basis coefficients for a bispectral BRDF
sample f are estimated from the sparse measurement f ′ = {fk(λ o, λ i)} using
the projection matrix P+ so that f is approximated by
f ≈ BP+(f ′ − f¯) + f¯ . (6.1)
P+ is the pseudo-inverse of P which in turn is composed of the subset of
rows of B corresponding to (λ o, λ i)k. The selection of (λ o, λ i)k influences
15








Figure 6.1: Average and the first 10 principal components B i.
the stability of the approximation which is correlated to the condition number
of P . Starting with the wavelength pair corresponding to the largest entry in
B, we follow a greedy strategy selecting the set which brings cond(P ) closest
to 1.
6.1 Acquisition Results
The first ten basis vectors B for some of the captured materials are visualized
in Figure 6.1. The corresponding development of eigenvalues is very similar
to the plot in Figure 5.1(a). A noteworthy observation is that only White
paper, Cloth and Day-glo red (the least specular samples) contain significant
off-diagonal, i.e. fluorescent contributions in the first eigenvector. The eigen-
values indicate that the bispectral BRDFs of these materials can in fact be
separated into a reradiation matrix and a BRDF. The other more specular
materials first address the variation along the diagonal, i.e. the direct surface
reflection, before exploring the variation in the off-diagonal part, indicating
that the direction dependence of the fluorescence is coupled to the glossiness.
Based on the PCA we acquired the Pink dataset (Figure 1.1) using only
20 wavelength pairs while presumably even fewer would suffice. The recon-
structed samples feature less noise as directly recorded samples since they
are computed as a linear combination of multiple measurements. Including
measurement of the whole bispectral matrix for angles 0◦, 70◦, 150◦ (4:30 h)
16




Figure 6.2: Quality of the reconstruction from varying numbers of acquired bispec-
tral samples. Note the edge between the reconstructed bispectral BRDF on the
left and the ground truth on the right half of the sphere.
Figure 6.3: Difference between the reconstruction using 1,5, and 17 components
on the Yellow data set (red - positive). The last image is brightened by a factor
of 10 for visualization. Note the resemblance to higher-order spherical harmonics,
implying a nontrivial angular dependency of reflectance.
the total acquisition time for 30 different angles was reduced to 9.5 h, i.e.
10min per additional angle, compared to 45 h for a complete measurement.
Figure 6.2 analyzes the dependency of the reconstruction quality on the num-
ber of measured wavelength pairs. For the Cloth material after one sample
the reconstructed bispectral BRDF is already hardly distinguishable from the
ground truth. For the highly specular Yellow and Red, ten or more principal
components are necessary to leverage any difference. Note the faulty green
reflection in the yellow BRDF if too few samples are recorded. Figure 6.3
furthermore shows that the difference is actually strongly directionally depen-
dent as the positive (red) and negative (blue) values show a strong correlation
on the spheres for each (λ o, λ i).
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7 Results
Using our measurement device, we have captured the bispectral BRDF of a
number of fluorescent materials including fluorescent paints with or without
a clear coating as well as paper and white cloth. As shown in Figure 1.1,
the exciting wavelength as well as emittance fluorescence vary drastically
between these materials.
The strength of the reradiation therefore depends heavily on the illuminating
spectrum as demonstrated in Figure 8.1 and Figure 8.2. In Figure 8.2 RGB
photographs are compared against renderings under a 5600K illuminant. As
our acquisition system contains some UV LEDs, we can even capture ma-
terials such as the paper sample which exhibit significant reradiation in the
blue to UV range. The effect is clearly visible in Figure 8.1. Our captured
bispectral BRDFs faithfully reproduce the fluorescence in both images. Only
the color of the Yellow sample and the paper slightly deviates in Figure 8.2
which we attribute to a different white balancing in the camera.
In Figure 8.4 we demonstrate that fluorescence does in fact require bispec-
tral modeling of sufficient resolution. After reducing the measured bispectral
BRDF samples to a 3×3 (RGB×RGB) matrix by integrating over the RGB
spectral curves, the renderings show clear differences to the full bispectral
BRDFs. Especially for the Yellow sample, the coarse RGB×RGB represen-
tation is unable to reproduce reradiation, which is sharply centered around
540nm. Ignoring fluorescence completely by converting the bispectral BRDF
into a spectral BRDF (we assume a uniform illumination spectrum for the
conversion), also shows some differences. They are less pronounced because
the illumination in this scene is similar to the spectrum used for the conver-
sion, however slight deviations in color and intensity can still be made out.
Reducing the bispectral BRDF to a simple RGB BRDF (again assuming a
uniform incident spectrum) shows obvious differences. These differences are
most pronounced for non-white spectra as demonstrated in Figure 8.3.
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8 Conclusion
Fluorescent materials transfer energy across different wavelength bands. We
have introduced the definition of the bispectral BRDF, which enables us to
model directionally-dependent fluorescent behavior. We have presented a
measurement setup to acquire bispectral BRDFs, including a PCA-based ac-
quisition method that only acquires relevant bispectral samples of the BRDF
yielding a significant acquisition speedup.
We have analyzed the angular dependence of fluorescence on a number of
materials, the analysis shows that for our glossy and specular materials, the
resulting spectral distribution due to fluorescence changes with illumination
and viewing direction. However, only a low number of principal components
is required to represent this dependence. While this effect seems to be corre-
lated to the Fresnel term a more thorough analysis is planned for the future.
Another extension is to improve our measurement setup. It currently employs
tunable spectral filters which only let through a single wavelength band. Us-
ing a hyperspectral light source and camera, one would be able to directly
sense the PC coefficients by illumination with the PCA basis vector rather
than sensing individual wavelength pairs. Furthermore, compressed sensing
in the wavelength domain could largely reduce the acquisition time.
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(a) Yell. (b) Red (c) Green (d) DullR (e) Paper
Figure 8.1: Renderings (top row) and photos (bottom row) of different materials
under UV light (400 nm).
(a) Yell. (b) Red (c) Green (d) DullR (e) Paper
Figure 8.2: Renderings (top row) and photos (bottom row) of different materials
under 5600K illumination. Slight variation is observed for Yellow and Paper which
might be due to white balancing of the camera.
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(a) bispectral BRDF (b) RGB BRDF
Figure 8.3: Measured Fluorescent red bispectral BRDF (a) compared to a simple
RGB vector valued BRDF (b) under blue illumination. Note the cross-color re-
flectance from blue to red in the case of the full bispectral BRDF. The RGB BRDF





(b) RGB 3× 3 (c) RGB
Figure 8.4: Comparison renderings using 3 different measured fluorescent materials.
Full bispectral BRDF measurements (right half of each sphere) are compared to:
spectral measurements, RGB reradiation matrices, and standard RGB BRDFs.
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